Dendritic growth of crystals in two dirnensions is analyzed by a Green's-function rnethod. A one-sided diffusional rnodel is treated in quasistationary approxirnation. Anisotropy is found necessary for dendritic growth. We find scaling with anisotropy to be in agreernent with recent results for needle crystals in the symmetric model. For fixed anisotropy the growth rate is proportional to the Square of the Peclet nurnber. The side-branch pattern is in qualitative agreement with experirnents in three dirnensions for different anisotropies. The selection mechanism for dendritic patterns' in lem is the quantitative control of anisotropy both in two crystal growth has been a puzzle for many years. If we and three dimensions. ignore surface tension and crystalline anisotropy, a con-W e have performed a numerical simulation of the full tinuous Set of parabolic shapes for the interface between diffusional problem in two dimensions on the one-sided a crystal growing into a supercooled melt are solutions model. This is relevant for comparison with experiments ("Ivantsov parabolas") to the Stefan problem of a movon chemical diffusion. The well-known m~d e l ' .~ is ing interface in a diffusion field.
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defined as follows: The introduction of surface tension and crystalline ani s o t r o p~ was recently found2-* to select a needle-shaped, almost parabolic form from this continuous set of Ivantsov parabolas, while in previous approximate treatmentsl of the surface tension the continuous set seemed to survive. In fact, surface tension causes a n essential singularity, turning the mathematical problem into a nonlinear eigenvalue problem. The result is a discrete Set of needle solutions.*-' A recent stability analysis5 of the needle solutions indicates that the fastest-moving solution is stable in the moving frame of reference and thus is the natural candidate for the true dendrite. Experiments,9-" on the other hand, essentially always show dendrites, i.e., needles with side branches.
T h e presently available results on the existence of a needle-crystal solution are usually based on the symmetric m o d e~,~~~~' where diffusion of heat takes place symmetrically both in the solid and in the melt. Experiments in two dimensions9 a r e usually based on the onesided diffusion of material within the liquid rather than on diffusion of heat. A recent analysis%f the one-sided model shows the relation between the needle solution for the crystallization and the Saffmann-Taylor problem, but is not yet as detailed as the results on the symmetrical model. The results on the boundary-layer mode18 ( B L M ) are not conclusive in the experimentally interesting range of small deviation from equilibrium. Despite some remarkable Progress, up to now it is still a completely Open problem how to describe the mode of operation of a side-branch-producing dendrite, the Standard situation in experiments. T h e best results for free dendritic growth were obtained in three dimensions"; in two dimensions there are problems with the nonplanarity of the interface normal to the side w a~l s .~ A further prob-
(1) is the diffusion eqiiation in quasistationary approximation in a frame of reference moving a t velocity i in the z direction. (2) is the boundary condition for the diffusion field u a t the interface; a t infinity one has u=O. (3) is the conservation law for the solute or impurity a t the interface. u ( x , z , t ) is the normalized diffusion field, ' A=0-1 is the normalized supercooling, D the diffusion coefficient, d a the capillary length, E, the strength of the m-fold crystalline anisotropy, and K the curvature of the interface. For do=O one obtains Ivantsov parabolas with tip radius R o = p l , where 1 = 2 D /~> is the diffusion length, and the Peclet number p is obtained from A = G e~~(~) e r f c ( G ) .
In principle the anisotropy also enters in (31, but in the limit of small A (or for a segregation coefficient = 1 ) we may ignore it for better comparison with existing results on the two-sided thermal model. (1) then is defined on the liquid side of the interface only.
T h e use of the quasistationary approximation here is physically meaningful' for Parameter values where the diffusion length is large compared to other typical length scales like radius of the tip of the dendrite or distance between side branches. At least for the smaller supercoolings used here this is definitely the case.
W e have converted (1 )-(3) into a form1* such that the two-dimensional differential equation ( 1 ) becomes a one-dimensional integral equation (Green's function). The basic numerical procedure then is the following. W e Start with a parabola pointing in the z direction symmet-O 1987 T h e American Physical Society
